ABSTRACT. We classify the 6-dimensional Lie algebras that can be endowed with an abelian complex structure and parameterize, on each of these algebras, the space of such structures up to holomorphic isomorphism.
INTRODUCTION
Let g be a Lie algebra, J an endomorphism of g such that J 2 = −I, and let g 1,0 be the ieigenspace of J in g C := g ⊗ R C. When g 1,0 is a complex subalgebra we say that J is integrable, when g
In this article we obtain the classification of the 6-dimensional Lie algebras that can be endowed with an abelian complex structure. Moreover, on each of the resulting Lie algebras, we parameterize the space of such structures up to holomorphic isomorphism. It turns out that there are three nilpotent Lie algebras carrying curves of non-equivalent structures, while for the remaining Lie algebras the moduli space is finite.
The outline of the paper is as follows. In §2 we give the basic definitions, recall known results and study some properties of the Lie algebra aff(C). In addition, we parameterize the space of equivalence classes of complex structures on a Lie algebra with 1-dimensional commutator (see Proposition 2.2). In §3 we perform the classification in the 6-dimensional nilpotent case. This is done in two steps. Firstly, we obtain the classification of the nilpotent Lie algebras admitting such a structure (see Theorem 3.2), recovering, by a different approach, the results obtained in [11, 18] . In the second step, we parameterize, up to equivalence, the space of abelian complex structures on each of these algebras (see Theorem 3.5) . As a consequence, we obtain three nilpotent Lie algebras carrying curves of non-equivalent abelian complex structures, namely, h 3 × h 3 , h 3 (C) and a 3-step nilpotent Lie algebra, where h 3 is the 3-dimensional real Heisenberg Lie algebra and h 3 (C) is the realification of the 3-dimensional complex Heisenberg Lie algebra.
In §4 we determine the 6-dimensional non-nilpotent Lie algebras s with an abelian complex structure, studying in Theorems 4.1, 4.2 and 4.4 the case when such a structure is proper. The Lie algebras, a finite number, appearing in Theorems 4.1 and 4.2 are decomposable as a direct product of lower dimensional Lie algebras with the corresponding abelian complex structure preserving this decomposition. In Theorem 4.4, when considering the case s ′ J = R 4 , we obtain a 2-parameter family of solvable Lie algebras carrying both an abelian and a bi-invariant complex structure. Moreover, as a consequence of this result and Theorems 4.1 and 4.2, it follows that the Lie algebra aff(C) × R 2 has exactly three abelian complex structures, up to equivalence, distinguished by the ideal s ′ J . Finally, in Theorem 4.6 we consider the case when J is not proper and obtain five isomorphism classes of Lie algebras, all of which are of the form aff(A) where A is a commutative associative algebra with identity. It is well known that (1) holds if and only if g 1,0 , the i-eigenspace of J, is a complex subalgebra of g C := g ⊗ R C. A pair (g, J) will denote a Lie algebra g equipped with a complex structure J.
A complex structure J on g is called bi-invariant if the following condition holds:
(2) J[x, y] = [Jx, y], x, y ∈ g.
In this case, (g, J) is a complex Lie algebra, that is, g is turned into a C-vector space by setting (a + ib)x = ax + bJx, x ∈ g, a, b ∈ R, and condition (2) ensures that the Lie bracket is now C-bilinear. Two complex structures J 1 and J 2 on g are said to be equivalent if there exists an automorphism α of g satisfying J 2 α = α J 1 . Two pairs (g 1 , J 1 ) and (g 2 , J 2 ) are holomorphically isomorphic if there exists a Lie algebra isomorphism α :
It follows that (3) is a particular case of (1); moreover, condition (3) is equivalent to g 1,0 being abelian. These structures were first considered in [3] . A class of Lie algebras carrying such structures appears in the next result.
Let h 2n+1 = span{e 1 , . . . , e 2n , z 0 } denote the (2n + 1)-dimensional Heisenberg algebra with Lie bracket [e 2i−1 , e 2i ] = z 0 , 1 ≤ i ≤ n, and aff(R) the Lie algebra of the group of affine motions of R. In order to prove (3), we recall that according to [17, Proposition 3.6 ] the complex structures on h 2n+1 × R 2k+1 are given by:
Proposition 2.2. If g is an even dimensional real Lie algebra with
where {e 1 , . . . , e 2n , z 0 } is a basis of h 2n+1 such that [e 2i−1 , e 2i ] = z 0 and {z 1 , . . . z 2k+1 } is a basis of R 2k+1 . Any two complex structures with the same number of − signs are equivalent, by permuting the elements of the basis. Let J r , with 0 ≤ r ≤ n, be any complex structure as in (4) such that r is the number of − signs. By a suitable permutation of the basis, one can show that J r is equivalent to J n−r , thus we may assume 0 ≤ r ≤ , if J r is equivalent to J s , by counting the multiplicities of the eigenvalues of J r and J s on g ⊗ C, we must have r = s and (3) follows. The classification for n = 1, k = 0, was given in [19] and the case n = 2, k = 0 was carried out in [20] .
The proof of (4) follows by observing that given a complex structure J on aff(R) × R 2k , there exists a J-stable complementary ideal s of R 2k isomorphic to aff(R). It is clear that aff(R) admits a unique complex structure up to equivalence, and the assertion follows.
We include some properties of abelian complex structures in the following lemma, whose proof is straightforward. Lemma 2.3. Let J be an abelian complex structure on a Lie algebra g. Then:
(i) the center z(g) of g is J-stable;
(ii) for any x ∈ g, ad Jx = − ad x J; in particular, the family of inner derivations of g is stable under right multiplication by J; (iii) for any J-stable ideal u of g, the kernel of the map g → End(u), x → ad x | u , is J-stable.
Some known obstructions to the existence of abelian complex structures are stated below. (O1) Let g be a real Lie algebra admitting an abelian complex structure. Then g is 2-step solvable [16] . (O2) Let g be a solvable Lie algebra such that g ′ has codimension 1 in g and dim g > 2. Then g does not admit abelian complex structures [5] .
Another obstruction in the case of nilpotent Lie algebras is given in the next lemma. Recall that the descending central series of g is defined by
Lemma 2.4. Let g be a k-step nilpotent Lie algebra with an abelian complex structure J and set g for some i < k. Then, any x ∈ g i−1 can be written as x = y + Jw, y, w ∈ g i . The fact that J is abelian implies that
2.3. Dimension less than or equal to four. There are only two 2-dimensional Lie algebras: R 2 and aff(R). Both carry a unique abelian complex structure, up to equivalence. Let g be a 4-dimensional solvable Lie algebra with basis {e 1 , e 2 , e 3 , e 4 }. According to [19] , if g admits an abelian complex structure, it is isomorphic to one and only one of the following: We include below a proof of the fact that, up to equivalence, aff(C) has two abelian complex structures (see also [19] ). We recall that aff(C) has a basis {e 1 , e 2 , e 3 , e 4 } with the following Lie bracket (5) [ and with automorphism group given by (see for instance [7] ):
be the matrix representation of J with respect to the ordered basis {e 1 , e 2 , e 3 , e 4 }. Since J 2 = −I, we obtain that A 2 = −I and C 2 = −I, and therefore J can be written as
and certain constraints on a, b, c, d. From the fact that J is abelian, together with (7), we obtain that
Note that J + (0,0) = J 1 . Consider now the automorphisms φ and ψ of aff(C) given by
It is easy to see that φJ • g
Observe that a 2 + b 2 = 0, since otherwise g would be abelian. Setting
The expression of J with respect to the basis {f 1 ,f 2 , e 3 , e 4 } is given by
The structure constants of g with respect to the new basis {f 1 ,f 2 , e 3 , e 4 } are given by (5) . If φ is the following automorphism of aff(C):
is equivalent to J (1,0) = J 2 , and the proposition follows.
with J 1 and J 2 as above. Since J 1 J 2 = −J 2 J 1 , J x is an abelian complex structure on aff(C) and Proposition 2.6 implies the following result: Remark 2.8. It was shown in [2] that aff(C) is the only 4-dimensional Lie algebra carrying an abelian hypercomplex structure, that is, a pair of anticommuting abelian complex structures.
Remark 2.9. We point out that aff(C) admits a bi-invariant complex structure J, namely,
Moreover, any bi-invariant complex structure is given by ±J and J is equivalent to −J via an automorphism as in (6) with ǫ = −1. Therefore, aff(C) has a unique bi-invariant complex structure up to equivalence.
The next characterization of (aff(C), J 1 ) will be frequently used in §4.
Lemma 2.10. Let g be a 4-dimensional Lie algebra spanned by {f 1 , . . . , f 4 } with Lie bracket defined by:
with c 2 + d 2 = 0, and abelian complex structure J given by
Then (g, J) is holomorphically isomorphic to (aff(C), J 1 ).
Proof. Consider firstf
In the new basis {f 1 ,f 2 , f 3 , f 4 }, the Lie bracket of g becomes
Setting now
we obtain a basis {e 1 , . . . , e 4 } of g such that the Lie bracket is given as in (5) and the complex structure J coincides with J 1 from Proposition 2.6.
DIMENSION SIX: THE NILPOTENT CASE
In this section we classify, up to holomorphic isomorphism, the 6-dimensional nilpotent nonabelian Lie algebras n with abelian complex structures.
We begin by recalling from Proposition 2.1 that any complex structure J on a nilpotent Lie algebra n is proper, that is, n ′ J = n ′ + Jn ′ is a proper nilpotent ideal. In the 6-dimensional case, as a consequence of the following general result, it turns out that n ′ , therefore the Jacobi identity implies
and it follows that C = 0. Therefore, A takes the following form:
Since s ′ is abelian, we have that rank A ≤ 1, hence a 11 = a 12 = 0, that is, A = 0. Finally, the Jacobi identity applied to
In the remainder of this section we perform the classification. This will be done in two steps. In the first one, we obtain the classification of the Lie algebras admitting such a structure (see Theorem 3.2), recovering by a different approach the results obtained in [11, 18] . In the second step, we parameterize the space of abelian complex structures up to equivalence on each of these algebras (see Theorem 3.5).
Theorem 3.2.
Let n be a 6-dimensional nilpotent Lie algebra with an abelian complex structure J. Then n is isomorphic to one and only one of the following Lie algebras: Proof. According to Lemma 2.4 , n is at most 3-step nilpotent. To carry out the classification, we will consider separately the k-step nilpotent case for k = 2 or 3.
• n is 2-step nilpotent: We observe that dim n ′ = 1 or 2. In fact, the center z is a J-stable proper ideal, hence dim z = 2 or 4.
, n is isomorphic to n 1 or n 2 . If dim n ′ = 2, since z is J-stable, then n ′ = z and we have that dim z = 2. Let v be a J-stable complementary subspace of z. There are two possibilities:
(i) there exists x ∈ v such that rank ad x = 1; (ii) rank ad x = 2 for any x ∈ v, x = 0. We consider next each case separately.
− Case (i):
If x / ∈ W ∩ JW , there exists e 1 ∈ W ∩ JW such that {e 1 , Je 1 , x, Jx} is a basis of v. Since J is abelian, it follows that the only non-zero brackets are [e 1 , Je 1 ], [x, Jx], which must be linearly independent. Setting e 3 :=, e 4 := Jx, e 5 = [e 1 , Je 1 ], e 6 := [x, Jx], we obtain that n ∼ = n 3 and J = J s,t is given by (8) J s,t e 1 = e 2 , J s,t e 3 = e 4 , J s,t e 5 = se 5 + te 6 , for some s, t ∈ R, t = 0, since the center z = span{e 5 , e 6 } is J-stable. If x ∈ W ∩ JW , then {x, Jx} is a basis of W ∩ JW . There exists e 1 ∈ W such that Je 1 / ∈ W and therefore, {e 1 , Je 1 , x, Jx} is a basis of v. Since J is abelian, it follows that the only nonzero brackets are [e 1 , Je 1 ] and [e 1 , Jx] = −[Je 1 , x], which must be linearly independent. Setting e 2 := Je 1 , e 3 := −x, e 4 = Jx, e 5 := [e 1 , Je 1 ], e 6 := [e 1 , Jx], we obtain that n ∼ = n 5 and J = J s,t is given by (9) J s,t e 1 = e 2 , J s,t e 3 = −e 4 , J s,t e 5 = se 5 + te 6 , for some s, t ∈ R with t = 0, since the center z = span{e 5 , e 6 } is J-stable. − Case (ii): Two non-equivalent families of abelian complex structures will appear according to the following possibilities: Since rank ad w = 2 for all w ∈ W, w = 0, it follows that det(ad ce 1 +y | JW ) = 0 for any c. 
• n is 3-step nilpotent: In this case, n 2 = [n, n ′ ] = 0 and n 2 ⊆ z. The center z being J-stable, it follows that n 2 J = n 2 + Jn 2 ⊆ z. Since dim z = 4 (otherwise, dim n ′ = 1) it follows that n 3.1. Equivalence classes of complex structures. In this subsection we parameterize the equivalence classes of abelian complex structures on the Lie algebras appearing in Theorem 3.2. Let us begin with n 1 and n 2 . According to [20] (see also Proposition 2.2) it follows that, up to equivalence, n 1 has a unique complex structure J, given by Je 1 = e 2 , Je 3 = e 4 , Je 5 = e 6 , whereas n 2 has two, given by J ± e 1 = e 2 , J ± e 3 = ± e 4 , J ± e 5 = e 6 .
For the Lie algebra n 6 , it follows from the proof of Theorem 3.2 that it has a unique abelian complex structure, given by (12) .
We will determine next the equivalence classes of abelian complex structures on the remaining Lie algebras. To achieve this, we consider a nilpotent Lie algebra n and the following space:
C a (n) = {J : n → n : J is an abelian complex structure on n}, which we suppose non-empty. C a (n) is a closed subset of GL(n). The group Aut(n) acts on C a (n) by conjugation, and the quotient C a (n)/ Aut(n) parameterizes the equivalence classes of abelian complex structures on n.
For n = n 3 , n 5 and n 7 , it follows from equations (8), (9) and (13) in the proof of Theorem 3.2 that Z := {(s, t) ∈ R 2 : t = 0} can be considered as a subspace of C a (n) such that Aut(n)·Z = C a (n). The induced topology on Z coincides with the usual topology from R 2 . Therefore, we have a homeomorphism
where G := {φ ∈ Aut(n) : φ(Z) = Z}, a closed Lie subgroup of Aut(n).
Let J be an abelian complex structure on n and v a J-stable complementary subspace of the center z in n. It can be shown that Aut 0 (n) acts transitively on the orbit of J in C a (n), that is,
where
for the Lie algebras n i , i = 3, 5, 7, where G 0 = G ∩ Aut 0 (n). For n = n 4 , equations (10) and (11) in the proof of Theorem 3.2 give two non-equivalent families {J 1 s,t }, {J 2 s,t }, t = 0, hence we have two associated subspaces Z 1 , Z 2 of C a (n 4 ) such that
We will determine in what follows for each algebra n i , i = 3, 5, 7, the group G 0 and orbit space Z/G 0 (respectively, G 0 j and Z j /G 0 j , j = 1, 2, in the case of n 4 ).
• n 3 : In this case, the group G 0 is given by a disjoint union G 0 = G +∪ G − , where
, with φ ∈ G 0 . It can be shown that:
Let us fix now (s, t) ∈ Z. Taking φ + ∈ G + with a = |t|, c = 1 and b = d = 0, we obtain that φ + · (s, t) = (s, t |t| ). Taking now φ − ∈ G − with a = 1, c = √ 1 + s 2 and b = d = 0, we obtain that φ − · (s, −1) = (−s, 1). To sum up, we have that
It follows from (i) and (ii) that J s,1 and J s ′ ,1 are equivalent if and only if s = s ′ , hence
Remark 3.4. In [14] a curve of non-equivalent abelian complex structures was obtained by using geometric invariant theory.
• n 5 : In this case, the action of G on Z is transitive, since the automorphism φ of n 5 given by
• n 7 : In this case the subgroup G 0 of G is given by
We note that (0, 1) and (0, −1) are fixed points by the action of C × . If (s, t), (s ′ , t ′ ) ∈ Z − {(0, ±1)}, (s, t) = (s ′ , t ′ ) and φ·(s, t) = (s ′ , t ′ ), with φ ∈ C × , then by writing down the equations, it can be shown that tt ′ > 0 and both (s, t) and (s ′ , t ′ ) lie in the circle
Each of these circles intersects the v-axis in points (0, t 0 ) and (0, 1/t 0 ), with 0 < |t 0 | < 1, where
, depending on the sign of t. We show next that each S c coincides with an orbit O 0,t 0 of a point under the action of C × . Since C × ∼ = R + × S 1 as Lie groups, and the action of R + on Z is trivial, we only have to consider the action of S 1 on Z. The isotropy group of this action is {±1} and therefore each orbit is homeomorphic to RP 1 ∼ = S 1 . Furthermore, each orbit is contained in one circle S c for some c, hence, by using topological arguments, we have that each S c coincides with an orbit O 0,t 0 (see Figure 3 .1), so that,
We note that the topology of the quotient space coincides with relative topology of R, in particular, the moduli space of abelian complex structures on n 7 is disconnected.
• n 4 : The group G 
We note that the G 0 1 -orbit of (0, 1) has two points: (0, ±1). The orbit O s,t of (s, t) ∈ Z 1 − {(0, ±1)} is given by the disjoint union of two circles (see 
+ acting trivially on Z 2 . The isotropy of the T 2 -action is the subgroup {(z, w) ∈ S 1 × S 1 : zw = ±1}. Therefore, for (s, t) ∈ Z 2 − {(0, ±1)}, the G + 2 -orbit through (s, t) is a circle as in (14) . From (16) it follows that the G − 2 -orbit through (s, t) is also a circle and therefore the orbit O s,t is given as in (15) 
The results in this section are summarized in the next theorem.
Theorem 3.5. Let n be a 6-dimensional nilpotent Lie algebra with an abelian complex structure J. Then (n, J) is holomorphically isomorphic to one and only one of the following:
(1) (n 1 , J), with its unique complex structure: Je 1 = e 2 , Je 3 = e 4 , Je 5 = e 6 , (2) (n 2 , J ± ), with J ± e 1 = e 2 , J ± e 3 = ±e 4 , J ± e 5 = e 6 , (3) (n 3 , J s ), with J s e 1 = e 2 , J s e 3 = e 4 , J s e 5 = se 5 + e 6 , s ∈ R, (4) (n 4 , J 6 , t ∈ (0, 1], (6) (n 5 , J) with Je 1 = e 2 , Je 3 = −e 4 , Je 5 = e 6 , (7) (n 6 , J), with Je 1 = e 2 , Je 3 = −e 6 , Je 4 = e 5 , (8) (n 7 , J t ) with J t e 1 = e 2 , J t e 3 = −e 4 , J t e 5 = te 6 , 0 < |t| ≤ 1. Remark 3.6. It was proved in [20] that every complex structure on n 6 is abelian. This fact, together with Theorem 3.5, implies that n 6 admits a unique complex structure up to equivalence. Remark 3.7. We observe that n 4 has a bi-invariant complex structure given by J 0 e 1 = e 2 , J 0 e 3 = e 4 , J 0 e 5 = e 6 .
According to [13] J 0 is the unique bi-invariant complex structure on n 4 compatible with the standard orientation (see also [1] ).
Notation. The Lie algebras in Theorem 3.2 appear in the literature with different notations. In [10] , the nilpotent Lie algebras equipped with the so-called nilpotent complex structures were denoted by h k , k = 1, . . . , 16. Salamon in [18] associates to each Lie algebra a 6-tuple encoding the expression of the differential of 1-forms. We give next the correspondence among the various notations: 
The Jacobi identity implies that Imρ is a commutative family of endomorphisms of s ′ , therefore dim(Imρ) < 4, thus dim(ker ρ) is 4 or 2. When dim(ker ρ) = 4, s is 2-step nilpotent, contradicting the assumption on s. Indeed, if ρ ≡ 0, then [x, u] = 0 for all x ∈ s ′ and u ∈ u. Since s ′ is abelian, we obtain that s ′ coincides with the center of s and the claim follows. Therefore, we must have dim(ker ρ) = 2. We show next that (s, J) is holomorphically isomorphic to aff(C) × R 2 equipped with the product (J 1 × J) from Theorem 2.5. Indeed, let f 1 , f 2 = Jf 1 , f 3 , f 4 = Jf 3 be a basis of u with f 1 , f 2 ∈ ker ρ. Using the Jacobi identity one
with x 2 + y 2 = 0. We note that k := span{f 3 , f 4 , e 1 , e 2 } is a J-stable Lie subalgebra of s, and using Lemma 2.10 we obtain that (k, J| k ) is holomorphically isomorphic to (aff(C), J 1 ), so that we may assume
The remaining brackets are given by
where the last line is a consequence of
and finds thatf 1 ,f 2 are central elements in s. Therefore s ∼ = aff(C) × R 2 equipped with the complex structure given in the statement.
dim s
Let s be a 6-dimensional solvable Lie algebra equipped with an abelian complex structure J such that dim s (1) aff(R) × (h 3 × R), with the unique complex structure on each factor, (2) aff(R) × aff(C), where the complex structure on aff(C) is given by
where each factor carries its unique complex structure, (4) (aff(R) ⋉ ad R 2 ) × R 2 , where each factor is equipped with its unique abelian complex structure, (5) aff(C) × R 2 , where the first factor is equipped with J 2 from Theorem 2.5.
Proof. We will consider several cases, according to the isomorphism class of s
There exists a basis {e 1 , . . . , e 4 } of s ′ J such that [e 1 , e 2 ] = e 2 and J is given by Je 1 = e 2 , Je 3 = e 4 . A derivation D of s ′ J such that DJ is also a derivation takes the following form:
with a, b, ..., f ∈ R. From (17), we obtain that
Since s 
The only non-vanishing brackets with respect to the basis above are Note that s can be decomposed as span{e 1 , e 2 } ⊕ span{f 1 ,f 2 , e 3 , e 4 }. If c = d = 0, then u = 0 and there is a holomorphic isomorphism between span{f 1 ,f 2 , e 3 , e 4 } and h 3 × R, so that s ∼ = aff(R) × (h 3 × R). If c 2 + d 2 = 0, using Lemma 2.10 we obtain that span{f 1 ,f 2 , e 3 , e 4 } is holomorphically isomorphic to (aff(C), J 1 ), so that, in this case, s ∼ = aff(R) × aff(C).
(ii) Case s with a, b, c, d ∈ R, and we observe that DJ is also a derivation. From (17), we obtain that
If
we obtain that [f 1 ,f 2 ] = 0 andf 1 ,f 2 commute with span{e 1 , . . . , e 4 }. Therefore, s ∼ = aff(R) × aff(R) × R 2 via a holomorphic isomorphism. The proof for a (18) and this case reduces to the previous one. (17), we obtain that
one has that [f 1 ,f 2 ] = 0 andf 1 ,f 2 commute with span{e 1 , . . . , e 4 }, and therefore
by considering the following change of basis: , and using (17), we obtain that
for some a, b, c, d ∈ R. It follows that dim s ′ J = 2, and therefore, this case cannot occur. If the restriction is J 2 , we have that DJ 2 is also a derivation of s
, and using (17), we obtain that
we obtain that [f 1 ,f 2 ] = 0 andf 1 ,f 2 commute with span{e 1 , . . . , e 4 }. Therefore, s ∼ = aff(C) × R 2 via a holomorphic isomorphism. The proof for c (20) and this case reduces to the previous one.
We prove next some properties of (s, J) for a 6-dimensional non-nilpotent Lie algebra s with an abelian complex structure J such that s 
is a Lie algebra isomorphism. The complex structure J 1 on s 1 induced by φ is given as in (23). We note that this complex structure is not equivalent to J 2 in (i) since J 2 preserves s 2 while J 1 does not. 
Let us denote by s 2 (resp. s (a,b) ) the Lie algebra determined by D ′ (resp. D (a,b) ). Clearly, s 2 is not isomorphic to s (a,b) for any (a, b). Furthermore, it can be shown that the isomorphism classes of the Lie algebras s (a,b) are parameterized by The analogous statement holds for s 2 , which is the realification of the complex Lie algebra r 3 with C-basis {w 1 , w 2 , w 3 } and Lie brackets [(x, y), (x ′ , y ′ )] = (0, xy ′ − x ′ y), J(x, y) = (−y, x), then J is abelian (see [5] ). Moreover, J is non-proper if and only if A 2 = A. We show next that any 6-dimensional Lie algebra with a non-proper abelian complex structure is obtained using this procedure. The Lie bracket on s induces a structure of commutative associative algebra on s ′ in the following way x · y = [x, Jy], for x, y ∈ s ′ .
Setting A := (s ′ , ·) it turns out that φ : aff(A) → s, φ(x, y) = y − Jx, is a holomorphic isomorphism, where aff(A) is equipped with its standard complex structure (26). Moreover, (27) implies that A 2 = A and (i) follows.
(ii) According to (i), in order to obtain the classification of the non-proper abelian complex structures in dimension 6, we must consider aff(A) with its standard complex structure, where A is a 3-dimensional commutative associative algebra satisfying A 2 = A. It was shown in [12] that there are five isomorphism classes of such associative algebras. These algebras can be realized as matrix algebras as follows: 
